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Electric Arec Moving at
Hypersonic Speed

Jan RosciszEwskr*
Air Vehicle Corporation, San Diego, Calif.

1. Introduction

KDAHL, Kribel, and Lovberg! experimentally observed
a rotating spoke in an MPD are jet in argon. The ve-
locity of the rotation corresponds to the hypersonic Mach
number of around 30 based on the speed of sound at cold flow.

As is indicated at the end of this paper, calculations based
on Lovberg’s experimental data indicate that the are could
behave like a solid body at hypersonic speed. This is similar
to the case of arcs moving at subsonic speed as indicated
by some authors.??

In the present paper, using a Newtonian pressure distribu-
tion corresponding to a thin shock layer at hypersonic speed,
the shape of the arc is derived. = It is assumed that the electric
field and temperature are constant in the arc cross section.
The last assumption is justified because the plasma is fully
ionized within the spoke. A high electron conductivity re-
sults in a nearly constant temperature. Indeed, recent ex-
periments have supported this assumption, indicating mea-
sured temperature surprisingly constant and equal about
1 ev.t The spoke is driving an ionizing shock wave (Fig. 1).
The plasma in the thin shock layer is a source of strong line
radiation.

2. Derivation of the Shape of an Arc

We shall assume a uniform applied magnetic field B and a
small induced field. Conservation of momentum in the z
direction gives

dp/dz = jB = o(E — U.B)B @)
op/oy =0 @)

The electric conductivity is given by the Spitzer formula
(MKS units)

_ 1.5 X 10272 @)
7 = In[1.23 X 107(T%2/n11%)]

with
p = knT 4
one obtains from Eq. (1)
dknT/de = o(n,T)(E — U.B)B (5)

Assuming fully ionized gas (n = 2n.) within the spoke, and
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T = const, one obtains

dn
kT o) = (E — U.B)Bx (6)

or taking into account relation in (3), the preceding integral

can be calculated as follows:

f In[1.23 X 10%(T%*/n 1% ]dn
1.51 X 1072732 B

n{ln[1.23 X 1077%2/ (In)!/2] }
1.51 X 1072T%2

+C

Noting that In(n/?) is a slow function of n, the expression in

parenthesis can be taken as constant. This is equivalent to

the constant current density throughout the arc. Therefore,
dn

m=K1/ﬂ+C

where

In{[1.23 X 10"T%2/(In)¥2]} + 1

K= 1.51 X 10272

Taking into aceount that E and B are constant, one obtains
from Eqgs. (6) and (4)

p = Ko +
where v v 7
K, = T

The constant C; can be caleulated by equating the pressure
from Eq. (7) with the Newtonian stagnation point pressure
s = pUxtat & = &, (Fig. 1).

Therefore,
Ci = paUx? — Kom ®
denoting
one obtains
p=1— &, — &) 10)

Assuming a Newtonian pressure distribution over a solid body,
ie.,

[dg/dz1?
1 + [dy/dz]?

P = cosa =

(11)
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and using Eqgs. (10) and (11), one obtains
dy 1 —z.+ %)
de 1 — (1 — %, + 82

Integrating, one obtains the equation of a circle
PHA+E— 30 =1 (12)

A gzero value of pressure corresponds to # — %, = —1. Of
course, the current density also will be zero, and the assump-
tion that K; = const breaks down. However, of most im-
portance is the front part of the arc where the pressure is
relatively high.

3. Forces Acting on the Arc Column

The total dimensionless force F acting on an arc of length

of 1is
! _d_ - 2 fl < d_ -
2 f pay = cosadiy =

[
P Us®m
The estimated gas density at the flow rate of argon (0.05
g/sec and initial axial flow velocity 600 m/sec) p = 0.17 X
10~ kg/m?3.}
The total gas dynamic force (taking into account that for
the semicircular are 7. = %.) 1s equal to

Fo = $puUnym = 4 X 0.17 X 1074108 X 0.02 = 46 N/m

Taking experimental data of Ref. 1, B =2 0.1 web/m?, total
current I = 550 amp, arc depth %, = 0.02 m, and are rota-
tion frequency » = 45,000 I/sec, one obtains a spoke velocity
at mean radius r 22 0.035 m

U, = U = 45000 X 27 X 0.035 = 10* m/sec

and the total electromagnetic force per unit length of the are
is
Fg=1IB = 550 X 0.1 = 55 N/m

The agreement between Fr and Fzis in line with the accuracy
of the density estimate given in Ref. 1.

4. Effect of the Centrifugal Acceleration

In the previous considerations, centrifugal acceleration
was neglected, and therefore they were related to the plane
hypersonic motion of an are. Such a situation could occur
in the rail gun rather than in an MPD arc jet.

With the high rotational velocity of the spoke in an MPD
arc jet, the effect of a centrifugal acceleration results in the
motion of plasma toward the wall.! The following considera-
tions are intended to give a simple explanation of some phe-
nomena involved.

The equation of the motion of plasma contained in the
shoek layer in the radial direction reads (one neglects pressure
gradient which is small except near the anode)

av. v dV. (U — ucosa)?

@ - ” 13
which says that the gas in the shock layer is accelerated in a
radial direction due to the centrifugal motion of the spoke.
V. denotes the radial velocity, U — u cosa gas velocity in the
laboratory system of coordinates.

The shock layer assumption leads to the following dis-
tribution of the average velocity % in the plane hypersonic
flow in the thin shock layer around the cylinder (following
from a simple one-strip integral method)

uw/U = % cosa (14)
At o = #45° (corresponding to abeut 709 of the width of

T The corresponding mean free path is about 2 X 10~ m.
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the spoke), the second term in Eq. (13) is 25% of the first
term. Moreover, the velocity w in the present case should
be smaller than in a plane due to the radial mass flow of the
gas in the shock layer.

Assuming, for simplicity, that w/U is independent of 7,
taking into account that U = wr, where w denotes the angular
spoke velocity, integrating Eq. (13), one obtains

Vi=owr[l — W/U) cosal = Ul — (w/U) cosa] (15)

because, as we pointed out, according to Eq. (14) the second
term in parenthesis is much less than 1, we have approxi-
mately

V.>U (16)

and is of order of 104 m/sec. This large radial flow velocity
in the thin shock layer preceding a spoke could result in the
mass accumulation and formation of the dense gas layer at
the cathode.

The thickness of some sort of the layer observed by Lov-
berg! and his collaborators is of order of 1 mm and is char-
acterized by a large voltage drop E, = 4 X 10¢ v/m. We
shall show that plasma cannot be confined in this layer but
must be rather “reflected” from the wall.

It all the plasma would be deposited at the wall and flow-
ing only in the axial direction, so that the steady flow is main-
tained, the density of the gas in the anode layer would be
increased with respect to the density of an oncoming flow by
the area ratio;

@ = 14/28 (17)

where 7, is the anode radius (r.? > r.2, r. being the cathode
radius), 8 denotes the thickness of the anode layer.

For § = 1073 m and r. = 0.04 m one gets ¢ = 20. There-
fore, density in the anode layer is :

pa = pe = 0.17 X 1074 X 20 = 3.4 X 107* Kg/m?
or, corresponding number density for argon is

Pa 3.4 X 10—¢
n = 2o

1
M- I6x4ax10m - 0X 107 5

wqr. can be caleulated from the expression®

WeTe = aB,/neé (18)

For the fully ionized gas assuming 7. = 104°K using Eq. (3)
one gets

¢ = 1.8 X 10% mhos/m
and

_ 18X X01 .
@le = 55 102 X 1.6 X 100

Azimuthal Hall current density in an anode layer would be
equal to

Jeo = oBws, = 1.8 X 10%4 X 10* X 0.23 ==
1.66 X 107 amp,/m?

This current is order of magnitude larger than a radial current
which is equal to

2 2 X 550

) = — = —— = & 5 2
= e T 7 X 0028 m? 875 X 10° amp/m

Azimuthal current results in a large inward pinching force
Fr= —jB, = —1.66 X 107 X 0.1 = —1.66 X 10°N/m?

Such a force could only be balanced by a centrifugal force

-—p1)02/7‘ = -—joBz
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Fig. 2 Rotating arc spoke.

The corresponding azimuthal velocity is equal to

r 1/2 4 X 10-‘2 /2
= |tjwB.| =| S5 1 100X 01| =
v [me] [3.4><10—4 66 X 10 ><01]

4.5 X 10% m/sec

Such a large velocity in a thin layer would result in a large
friction force equal to

627)0 ~ Vg

vg 4.5 X 108
Forr = B 5

(0.001)2

which is order of magnitude larger than the force j,B, driving
the spoke. On this basis we should reject the model of a
thin boundary layer with a spinning dense plasma.

Another possibility is that the plasma reflects from the wall
and enters the spoke and moves inward (Fig. 2). This
could be shown from the following econsideration. The
stagnation plasma pressure within the shock layer at the
anode is equal to (density in the shock layer is equal to
ps=(y+1)/(y — Dp=4X017 X 107* = 0.68 X 10~
kg/m?) the value calculated from the Newtonian formula

po = psV,2 = 0.68 X 107 X 10® = 6.8 X 10° N/m?
The pressure within the spoke is of order of
Ps = pU? = 0.17 X 107% X 10 = 1.7 X 103

=3 X 104 = 1.35 X 10° N/m?

Because of the smaller pressure within the spoke, the pressure
gradient could be larger than centrifugal force pvy?/r and the
plasma really should reflect from the wall and enter the spoke,
leaving the spoke through the rear (Fig. 2).

There is experimental evidence that such a recirculation
occurs® and the ion probe indicates that the gas is moving at
the front of the spoke outward, followed by an inward motion
of the plasma.

Spinning plasma entering the magnetic nozzle is further
accelerated, like in the case of symmetric discharge. Energy
losses should be equal to

m{V./2)?

If final axial plasma velocity is equal to 10¢ m/sec, neglecting
other losses, efficiency of the device with a rotating spoke
would be 509,. This is an upper limit of efficiencies in this
type of device.
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Effects of In-plane and Rotary Inertia
on the Frequencies of Eccentrically

Stiffened Cylindrical Shells

S. PartHAN* AND D. J. JonNs{
Loughborough University of Technology, England

CCURATE determination of natural frequencies of
vibration of stiffened shells is essential for various engi-
neering applications, e.g., estimation of fatigue life, super-
sonic flutter analysis of rockets and missiles, etc. In this
Note the simple arbitrary mode defined by

_ mmr  ny .
% = % cos—— €0S— sinwi
a R
_ . mmx . ny .
v = ¥ sin— sin— sinwt 1)
a R

_.omwrz  ny .
w = W sin—— COS—, Sinwé
a R

is used for the axial, circumferential, and radial displace-
ments respectively in the strain and kinetic energy expressions
of Refs. 1-3 to study the influence of various inertia terms on
the invacuo frequencies of vibration of simply supported
eccentrically stiffened circular cylindrical shells and to ex-
amine the efficacy of 1) stiffener discreteness as compared to
stiffener smearing and 2) stiffener configuration.

For the discrete stiffener analyses it is assumed that the 2L
stringers and the (K + 1) rings are located at positions deter-
mined respectively by

yw/R = (2 — 1)/2L, 1 =12, ...2L

@)
z/a = k/K, k =0,1,2,...K

This type of stiffener distribution has the advantage that
their axial and radial displacements are zero when the cir-
cumferential nodes are a multiple of the number of stringers,
and their circumferential and radial displacements are zero
when the axial nodes are a multiple of the number of rings.
Simple support boundary conditions are satisfied by this
choice of stiffener distribution. The details of these analyses
for the “smeared” and “discrete” stiffener cases are given in
Refs. 1-2, respectively and summarized in Ref. 3.

Table 1 Properties of shells for numerical examples

Ref. 4 Ref. 1 Ref. 2

a, in. 40 23.75 24.00 38.85
7, in. 20 9.55 9.537 7.657 .
t, in. 0.04 0.028 0.0256 0.01826
EE.E,10°psi 10 10.5 10 29
plb/in.? 0.0998 0.095 0.0975 0.2819
v 0.3 0.3 0.315 0.3
bs,bry in. 0.096 0.1118 0.0409
Rayhyy in. 0.302 0.2262 0.3981

60 60 4
K 25
d, in. 1
1, in. 1
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